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ABSTRACT
The long residence times and small anisotropies of cosmic rays suggest that they are well confined
and well scattered by the Galactic magnetic field. Due to the disklike shape of the confinement
volume, transport in the vertical direction, perpendicular to the mean Galactic magnetic field, is key
to cosmic ray escape. It has long been recognized that this vertical transport depends both on the
vertical component of the fieldlines themselves and on the extent to which the cosmic rays are tied to
the fieldlines. In this paper we use magnetic fields with very simple spatial and temporal structure
to isolate some important features of cross fieldline transport. We show that even simple magnetic
nonuniformities combined with pitch angle scattering can enhance cross fieldline transport by several
orders of magnitude, while pitch angle scattering is unnecessary for enhanced transport if the field is
chaotic. Nevertheless, perpendicular transport is much less than parallel transport in all the cases we
study. We apply the results to confinement of cosmic rays in the Fermi Bubbles.
Subject headings: cosmic rays –magnetic fields – astrophysics
1. INTRODUCTION
It is well accepted that cosmic rays below ∼ 1018 eV
are confined to the Milky Way by the Galactic magnetic
field. The confinement volume is a thick disk, suggest-
ing that the primary direction of escape is perpendicu-
lar to the Galactic plane. Furthermore, the distribution
of cosmic ray arrival directions at the Earth is nearly
isotropic. These features, together with observations of
the Galactic magnetic field which show it to be oriented
preferentially parallel to the Galactic plane but with a
substantial randomly oriented component, have led to a
picture in which cosmic rays are isotropized by scattering
from small amplitude, short wavelength magnetic fluctu-
ations and achieve their vertical displacement both by
following the magnetic fieldlines as they snake their way
out of the Galactic plane and by transport across the field
itself (see Hillas (2006); Aharonian et al. (2012); Zweibel
(2013) for some recent reviews).
This spatial transport with respect to the background
medium (as opposed to, e.g., advective transport by
a Galactic wind) is frequently described by a diffusion
tensor κ ≡ κ⊥I − (κ⊥ − κ‖)BB/B2, where I is the
unit tensor and B is the mean magnetic field. Sim-
ple parameterizations of the diffusion tensor have led
to many successful descriptions of cosmic ray properties
(e.g. Strong & Moskalenko (1998); Strong et al (2010);
Vladimirov et al. (2011)).
Estimating κ⊥ and κ‖, however, and even establish-
ing the circumstances under which transport is diffusive
(〈∆x2〉 ∝ ∆t), as opposed to subdiffusive (〈∆x2〉 ∝ ∆tα;
α < 1), or superdiffusive (〈∆x2〉 ∝ ∆tα; α > 1), has
proven to be difficult. Transport results from the inter-
play of many effects: the large scale magnetic field geom-
etry, the properties of the turbulence, the rate of scatter-
ing by small scale fluctuations, and the extent to which
magnetic fieldlines diverge on scales less than the parti-
cle gyroradius. It is generally agreed that if the particles
are tied to the fieldlines, the maximum perpendicular
diffusion rate is set by the rate of perpendicular fieldline
wandering, scaled by particle velocity (Fieldline Random
Walk, or FLRW), and that parallel scattering reduces
κ⊥ below its FLRW value (Jokipii 1966; Jokipii & Parker
1969; Rechester & Rosenbluth 1978; Giacalone & Jokipii
1999; Minnie et al. 2009). For a recent review of the sub-
ject, see Shalchi (2009).
In this paper, we address a different problem: the rate
at which cosmic rays cross the exact field, rather than
the average field. This problem has received relatively
less attention (see Barge et al (1984) however). While
for cosmic ray confinement in the Galaxy it is primarily
vertical transport (i.e. perpendicular to the mean mag-
netic field) which is important, transport across the exact
field matters for other problems. Confinement of cosmic
rays to bubbles blown by AGN, which presumably are
bounded by magnetic surfaces is one such problem. The
Fermi Bubbles (Finkbeiner 2004; Dobler et al. 2010) -
which may have been created by sporadic activity in the
Galactic Center - are a local example. Numerical sim-
ulations of bubble evolution with perpendicular cosmic
ray diffusion suppressed yield surface brightness profiles
which agree quite well with observations, while surface
brightness profiles based on simulations with κ⊥ = κ‖
are more diffuse than observed (Yang et al. 2012).
Cross fieldline transport is easily estimated in two ex-
treme cases: drifting due to large scale structure, and
scattering by small scale structure. Drifts occur either
when the direction or strength of the magnetic field varies
in space or when electrical or gravitational acceleration
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a acts on the particles. The drift velocity vD produced
by magnetic field inhomogeneity on scale L can be es-
timated as vD/v ∼ rg/L, where v is the particle speed
and rg is the particle Larmor radius. The drifts induced
by nonmagnetic forces are of order a⊥/ωg, where a⊥ is
the component of nonmagnetic acceleration normal to B
and ωg is the relativistic gyrofrequency. If one adopts
values of L and a⊥ characteristic of global properties of
the Galaxy, then the drifts are too small to have any-
thing to do with cosmic ray escape, except for very high
energy cosmic rays. However, there is a certain amount
of random drifting due to moderate scale turbulence.
Scattering by small (rg scale) fluctuations is generally
thought to be the mechanism responsible for parallel dif-
fusion, but also produces perpendicular diffusion. Every
pitch angle scattering event δθ ∼ δB/B, where δB/B is
the fluctuation relative amplitude, is accompanied by a
cross fieldline displacement of order δr ∼ rgδθ. The cor-
responding perpendicular diffusion coefficient κ⊥ ∼ vrg,
resulting in a vertical escape time of order L2/(vrg), is
similar to what is estimated from drifts and, again, too
small to have anything to do with the escape of GeV cos-
mic rays, where the bulk of the cosmic ray distribution
lies.
If magnetic fieldlines separated by less than a fidu-
cial gyroradius wander away from each other, particles
do not follow fieldlines. This case is difficult to treat
analytically, but has been studied numerically (Jokipii
1973; Qin et al. 2002; Hauff et al. 2010; Lazarian & Yan
2013), together with its effects on diffusion across the
mean field.
A realistic numerical study of cosmic ray propagation
based on integration of particle orbits would include both
the large scale geometry of the Galactic magnetic field
and the small scale fluctuations which provide pitch an-
gle scattering and possibly second order Fermi accelera-
tion. Such a magnetic field model would have to span at
least 10 orders of magnitude in lengthscale, while current
numerical simulations of interstellar magnetized turbu-
lence rarely capture more than two orders of magnitude
in scale. And even if one prescribed a magnetic field
model with a realistic range of scales, accurately inte-
grating large enough numbers of particle orbits over long
times and distances required for a statistically represen-
tative sample would be prohibitively expensive.
In this study of particle transport, we address the range
of scales problem by integrating particle orbits in mag-
netic field structures much larger than a larmor radius
with pitch angle scattering by gyroradius scale fluctua-
tions modeled as a random process. A similar approach
was followed in Neuer & Spatschek (2006a,b), but their
random process, which is intended to model collisions,
does not conserve energy, while ours, which is intended
to model pitch angle scattering by nearly static fluctua-
tions, does. This dual approach allows us to probe the
effects of fieldline geometry and variation of the field on
large scales while retaining pitch angle diffusion, and at
the same time avoiding the need to integrate over a large
dynamic range in scales of magnetic structure. We find
that in many cases diffusive behavior is recovered, but
that the diffusivities do not depend on fluctuation am-
plitudes according to the prescription derived from quasi-
linear theory.
In §2 we introduce the basic magnetic field models we
use, discuss the implementation of pitch angle scatter-
ing, show how we measure diffusion, and establish upper
and lower bounds on the cross field diffusivity. In §3 we
present the results for the different field models and dis-
cuss their physical basis. Section 4 is a discussion and
comparison with other results and §5 is a summary.
2. SETUP OF THE PROBLEM
The particle trajectories in a generic electromagnetic
field are computed by numerically integrating the equa-
tion of motion
dp
dt
= q
(
E +
v ×B
c
)
(1)
for prescribed electric and magnetic fields E(x, t),
B(x, t), where p = mγv is the relativistic momentum
of a particle with rest mass m. In the remainder of the
paper, we work with a dimensionless version of eqn. (1).
We introduce a fiducial magnetic field strength B0, which
in practice will be the magnitude of the mean, or guide
field. We then adopt dimensionless magnetic and electric
fields Bˆ ≡ B/B0, Eˆ ≡ E/B0. We introduce the fidu-
cial proton gyrofrequency ω0 ≡ eB0/mpc and replace
time t by s ≡ ω0t. We introduce a fiducial gyroradius
r0 ≡ c/ω0 and express lengths in units of r0; xˆ ≡ x/r0.
We express momentum in units of mc; pˆ ≡ p/mc. The
particle velocity v is related to pˆ by v = pˆ/
√
1 + pˆ2
and the particle Lorentz factor γ =
√
1 + pˆ2. In these
units the dimensionless particle gyroradius is rˆg = pˆ⊥,
and the dimensionless gyrofrequency is ωˆg = 1/γ. We
denote normalized variables with hats. With these defi-
nitions and substitutions, the equation of motion can be
re-written as 

dpˆ
ds = Eˆ +
pˆ√
1+pˆ2
× Bˆ
dxˆ
ds =
pˆ√
1+pˆ2
.
(2)
2.1. Magnetic Field Configurations
We have integrated test particle orbits for three simple
magnetic field configurations: a uniform magnetic field,
and two types of simple cellular magnetic field structures,
one of which is time dependent. These magnetic field
configurations are used to study cross fieldline propa-
gation from the combined effect of pitch angle scatter-
ing from gyroscale magnetic perturbations and nontriv-
ial large scale magnetic geometry. These fields are 2.5D,
with three spatial components and an ignorable coordi-
nate, z.
The uniform magnetic field is simply Bˆ = zˆ, i.e. with
no explicit perpendicular perturbation (apart from the
gyroscale perturbations effectively accounted for by pitch
angle scattering and described in §2.3). We study this
case to test our code against well established predictions
from quasilinear theory and to determine baseline diffu-
sion rates. This is intended as a benchmark to compare
with cases where the effects of a large scale magnetic field
structure are considered. The other two models can be
represented as a superposition of the guide field zˆ and a
perpendicular component
Bˆ = zˆ +∇Aˆ(x, y)× zˆ. (3)
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The so-called cellular magnetic field is represented by the
magnetic potential
AˆC = − ǫ
kˆ
sin kˆxˆ sin kˆyˆ, (4)
with ǫ the amplitude (assumed to be small) of the per-
turbation relative to the guide field strength and kˆ = 2pi
Lˆ
,
where Lˆ sets the geometrical scale of the perturbation.
Eqns. (3) and (4) describe a periodic array of cells with
helical magnetic fieldlines spiraling around the points
(x, y) = ( (2n+1)pi2 ,
(2m+1)pi
2 ) and cell boundaries, or sepa-
ratrix lines, at x = nπ, y = mπ (for integer n and m).
The third magnetic field model is a time dependent
cellular field of the form (3) but with vector potential
AˆGP =
ǫ
kˆ
[
cos (kˆxˆ+ λˆ cos ωˆs) + sin (kˆyˆ + λˆ sin ωˆs)
]
,
(5)
Eqn. (5) describes a periodic array of cells (rotated by
π/4 with respect to the cells described by AˆC) which
translates back and forth by a scaled distance ±λˆ/kˆ with
period τˆ = 2π/ωˆ. We call this the Galloway-Proctor
(GP) field, because the magnetic fieldlines correspond-
ing to AˆGP have the same structure as the flow shown
by Galloway & Proctor (1992) to amplify magnetic fields
exponentially fast in the limit of large magnetic Reynolds
number (i.e. it is a fast dynamo).
The GP flow is chaotic in the sense that neighboring
streamlines separate exponentially. The rates of sep-
aration, or Lyapunov exponents, have been computed
by Brummell et al. (2001); Heitsch et al. (2004), and are
found to peak at λˆ ∼ 0.25; we therefore refer to λˆ as
the complexity parameter. The GP flow is known to
rapidly mix passive scalar quantities, i.e properties or
particles which are assumed not to affect the underlying
flow (Brummell et al. 2001; Heitsch et al. 2004).
The efficient mixing properties of the GP flow suggest
that particle transport in magnetic fields with the same
structure would likewise be efficient. This is because a
particle moving exactly along the field with speed u and
velocity u = uB/B would simply follow the GP flow.
We will see in §3.3 that transport by the GP magnetic
field is indeed faster than transport in the cellular field.
Because AˆGP is time dependent, there is an electric
field in this model
EˆGP = − zˆ
c
∂AˆGP
∂t
. (6)
We can think of EGP as the inductive electric field pro-
duced by a flow V , where
V = −∂A
∂t
∇A
|∇A|2 . (7)
The amplitude of V is of order cλˆωˆ/kˆ and will turn out
to range from a few km/s to a few thousand km/s for the
parameters used in this study.
For both the cellular and the GP flow magnetic field
configurations a spatial scale of Lˆ = 200 was used in
most cases, meaning that kˆ = π/100 and each cell has a
side of length 100 (we also did a few cases with larger Lˆ
to test the Lˆ dependence of the results). The amplitude
parameter ǫ was chosen to be ǫ = 10−3, 10−2, 10−1.
2.2. Numerical Approach
Integration of particle trajectories in magnetic fields
is very sensitive to numerical accuracy. Although most
of the numerical results reported here involve random
pitch angle scattering, which “resets” properties of the
orbits so that numerical errors do not accumulate, we
sought robust integration methods and tested them ex-
tensively. In the Appendix a description of the integra-
tion methods used in this work and of their accuracy
level is discussed in detail. We stress that the accuracy
of numerical solutions of particle trajectory integration
for a given magnetic system and particle energy is an
essential component of such studies.
2.3. Scattering
Cosmic rays are pitch angle scattered by gyroscale
magnetic field fluctuations, which may be hydromagnetic
waves. The scattering frequency ν can be expressed in
terms of the relativistic gyrofrequency ωg and relative
magnetic perturbation amplitude δBˆ ≡ δBB0 as (Kulsrud
2005)
ν =
π
2
ωgδBˆ
2. (8)
Scattering produces diffusion in pitch angle µ ≡ p·B/pB
with diffusion coefficient
Dµµ ≡ 〈(∆µ)
2〉
2∆t
=
ν(1− µ2)
2
. (9)
We simulate pitch angle scattering by a random pro-
cess. At time intervals ∆t = 2piωg =
2pi
ω0
√
1 + pˆ2, corre-
sponding to one relativistic gyroperiod at field strength
B0, we choose a random angle ψ and increment µ by
an amount ∆µ =
√
1− µ2ǫf sinψ, where ǫf is a small
constant number. The corresponding Fokker Planck dif-
fusion coefficient is
〈(∆µ)2〉
2∆t
=
ωg
8π
(1− µ2)ǫ2f , (10)
where we used the relationship 〈sin2ψ〉 = 12 . So our
scattering frequency agrees with eqns. (8) and (9) if we
set ǫ2f = 2π
2δBˆ2. Eqn. (10) is valid as long as δBˆ ≪ 1.
We assume scattering does not change particle energy.
This is a good approximation for scattering by hydro-
magnetic waves with Alfve´n velocity vA, for which the
momentum diffusion coefficient Dpp ∼ (vA/c)2Dµµ ≪
Dµµ under typical interstellar conditions. The change
in vector momentum corresponding to each scattering is
then ∆pˆ‖ = pˆ∆µ, ∆pˆ⊥ = −pˆµ∆µ/
√
1− µ2 to lowest or-
der in ǫf . These expressions are well behaved as µ→ ±1
and do not lead to singular behavior.
We assume the instantaneous particle positions are un-
changed by the scattering. The position of the guide
center rgc, however, is changed by an amount of order
rgδθ, which can be found by integrating the equations of
motion
∆rgc =
∆v ×B
ωgB
, (11)
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with v the particle velocity. This leads to cross fieldline
diffusion.
2.4. Spatial diffusion
The running spatial diffusion tensor Dij for an ensem-
ble of N particles is defined as
Dij(t) ≡ 1
2N
N∑
n=1
[xi,n(t)− xi,n(0)][xj,n(t)− xj,n(0)]
t
,
(12)
where xi,n(0) denotes the i
th component of initial po-
sition of the nth particle (Fraschetti & Giacalone 2012).
In all the cases we examined, the particle distribution
is gyrotropic and parallel and perpendicular motions are
decoupled. This implies that Dij is diagonal, with two
identical perpendicular components Dxx = Dyy = D⊥
and a parallel component D‖. In the absence of scatter-
ing the perpendicular displacements of magnetized par-
ticles are bounded, so after one gyroperiod D⊥ decays as
t−1. For the magnetic field models studied here, there is
a dominant unidirectional guide field, so in the absence
of scattering D‖ increases as t. If the particle motion
is a random walk, with the rms displacement increasing
as t1/2, Dij becomes independent of time, which corre-
sponds to the diffusion regime for the ensemble of parti-
cles. Eqn. (12) is readily computed for large ensembles of
particles, and all measured diffusion coefficients reported
here are calculated from this formula. When the running
diffusion coefficient levels off at a stable value, we denote
that value by κ.
The quantities defined in eqn. (12) measure displace-
ment in space, not displacement with respect to the mag-
netic field. In order to describe the true cross fieldline
diffusivity, we assign a guiding center xgc to a particle at
position x by solving an analog of eqn. (11)
xgc = x+
v × bˆ
ωg
. (13)
We integrate the magnetic fieldline that passes through
the initial position xgc(0) up to the value of z where the
particle is, and denote its position in the (x, y) plane by
xf . The displacement of a particle guiding center relative
to its original fieldline is then
∆x ≡ xgc − xf . (14)
We then define the running cross-field diffusion coeffi-
cient Dcij by
Dcij ≡
1
2N
N∑
n=1
∆xi(t)∆xj(t)
t
(15)
(note that ∆x(0) ≡ 0).
This procedure is time consuming to apply. A simpler,
but less rigorous procedure, is to compare two runs, one
with scattering and one without. Denoting the positions
of a particle with and without scattering by xs, xns,
we then form the quantity ∆˜x ≡ xs − xns and use the
∆˜x in eqn. (15). Both these methods assume implicitly
that in the absence of scattering, the particles follow well
defined gyro-orbits and are well tied to fieldlines. These
assumptions break down in the absence of a strong guide
field that is nearly uniform over the particle orbits.
We have found that although the D⊥ and D
c
⊥ differ
at early times, when particles undergo perpendicular dis-
placement simply by following the fieldlines as they wind
around the cell axis, they converge to the same value
at late times, when particles have migrated out of their
original cells. In fact, we can say with certainty, that
all horizontal displacements greater than L/
√
2 are due
primarily to cross-field transport. Therefore, we present
results for κ computed using D instead of Dc, due to the
ease of doing so.
Pitch angle scattering induces a decorrelation of par-
ticle velocities with respect to the unperturbed trajecto-
ries. This can be measured by computing the pitch angle
correlation function
〈µ(t)µ(0)〉 =
∑N
i=1 µi(t)µi(0)∑N
i=1 µi(0)
2
. (16)
By definition, the pitch angle correlation function equals
unity initially, and will be seen to drop nearly to zero on
a timescale of order the scattering time τsca ≡ ν−1 as the
particles decorrelate.
It was shown by Kulsrud & Pearce (1969) that pitch
angle scattering leads to spatial diffusion as long as it is
frequent compared to global dynamical times, or when
the mean free path λ‖ ≡ v/ν is short compared with
global length scales. The parallel diffusion coefficient κ‖
is defined to be
κ‖ = 〈
v2‖
ν
〉 = v2
∫ 1
−1
f(µ)µ
2
ν dµ∫ 1
−1 dµ
=
v2
3ν
, (17)
where f(µ) is the pitch angle distribution function at
fixed momentum and the last equality holds for an
isotropic distribution function in pitch angle and a scat-
tering frequency independent of µ.
The perpendicular spatial diffusion coefficient follows
from eqn. (11) and is given by Parker (1965) and
Forman & Gleeson (1975). When λ‖/rg ≫ 1 (which cor-
responds to δBˆ ≪ 1), we have
κ⊥ = κ‖
r2g
λ2‖
=
r2gν
3
, (18)
where as in eqn. (17) the last equality holds for an
isotropic distribution and a µ-independent scattering co-
efficient. Both coefficients are proportional to vpˆ, the
different scale being determined by δBˆ. Comparing
eqns. (17) and (18) and using eqn. (8) we see that
κ⊥/κ‖ = (
pi
2 )
2(δBˆ)4 ≪ 1 for small angle scattering.
In the remainder of the paper we will use D‖ and D⊥
for the running diffusion coefficients calculated from our
simulations, and use κ‖ and κ⊥ for the converged expres-
sions. We non-dimensionalize all diffusion coefficients by
expressing them in units of r20 ω0.
3. RESULTS
Salient numerical data from some of the runs discussed
in this paper are given in Tables 3, 4 and 5.
3.1. The Uniform Field
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Cross-field transport by small amplitude, random pitch
angle scattering in a uniform magnetic field is well under-
stood. We include this case to demonstrate that our nu-
merical method successfully reproduces results obtained
previously from quasilinear theory and to establish a
baseline level of cross fieldline diffusion which can be
compared to cross fieldline transport in less trivial ge-
ometries.
Figure 1 shows how the running parallel (a) and per-
pendicular (b) diffusion coefficients defined in eqn. (12)
change monotonically and then level off with time. The
figures show the effect of pitch angle scattering with
δBˆ = 10−3 on protons with momenta pˆ = 0.1, 0.3, 1,
3, 10, 20. The initial increase of D‖ is due to ballistic
motion of the particles along the fieldlines. On the other
hand, D⊥ decreases because the perpendicular displace-
ment of the particles is limited by the gyromotion. The
running diffusion coefficients settle down to their asymp-
totic values after about one scattering time τˆsca = 1/ν,
which according to eqn. (8) depends on pˆ as
√
1 + pˆ2.
The transition to diffusion occurs at about the same time
that the pitch angle decorrelates, as shown in Figure 1c.
Figure 1d shows the xˆ coordinate distribution of 1000 on
the zˆ=107 plane (integrated over all times). The parti-
cle distribution at initial time was limited in the interval
xˆ <1. The spread in the particle distribution provides a
visualization of the cross fieldline diffusion due to pitch
angle scattering. The corresponding parallel and per-
pendicular diffusion coefficients are shown in Figure 2,
for δBˆ=10−3,10−2. The numerical calculations are in
perfect agreement with the expectations from eqns. (17)
and (18), that are based on quasilinear theory. We note
that estimates of the scattering rates for GeV cosmic rays
based on cosmic ray propagation models suggest simi-
larly small values (δBˆ ∼ 10−3).
We have found that quasilinear theory breaks down
when δBˆ ∼ 0.1. Since the theory is based on small angle
scatterings, while the change ∆µ in the cosine of the
pitch angle can be as large as 4.4 δBˆ, some breakdown
in the theory for δBˆ ∼ 0.1 does not surprise us. We do
not pursue this topic because it is not the focus of our
paper.
3.2. The Cellular Field
As shown in §3.1 particles propagating in a uniform
magnetic field become diffusive on a time scale τˆsca in
the presence of pitch angle scattering.
With our numerical integration of particle trajectories
we show that cross fieldline motion is significantly en-
hanced if large scale structures in the magnetic fields
exist. Even with simple perpendicular geometrical struc-
tures, we find a breakdown of quasilinear theory for
δBˆ ≪ 1.
For each of the structured magnetic field configurations
described in §2.1, eqn. (2) is solved for 1000 protons with
initial isotropic direction distribution and with momenta
pˆ = 0.1, 0.3, 1, 3, 10, 30. The particle gyroradii are always
smaller than Lˆ/2 = 100, which is the cell size for both
the cellular and GP configurations. Each particle tra-
jectory is integrated in an unbounded spatial volume up
to a maximum time of sf = 10
9. Energy losses are not
taken into account in the trajectory integration, therefore
particle energy is conserved within the limits of numeri-
cal accuracy (see Appendix). Trajectories are integrated
both without and with pitch angle scattering, treated
as a random process. The fiducial magnetic perturba-
tion strength used to simulate scattering is δBˆ = 10−3.
In some cases the values δBˆ = 10−2 - 10−1 are used to
study the dependence on scattering frequency.
Particles propagating in such cellular magnetic field ge-
ometry remain confined within a given cell unless some-
thing causes cross-field motion to the nearby cells, as
shown in Figure 3. Curvature and gradient drifts are
too small to cause particles to move to other cells unless
the particles are within a gyroradius of a cell boundary.
On the other hand, pitch angle scattering reduces con-
finement to a given cell causing particles to move across
fieldlines.
The running diffusion coefficients in the presence of
pitch angle scattering are shown in Figure 4 for three
different values of the transverse fieldstrength parameter
ǫ=10−3, 10−2, 10−1. Generally, each D⊥ displays three
regimes of behavior. Initially, D⊥ increases with time,
particularly for the smaller values of ǫ and lower parti-
cle energies. This can be understood as follows. The
maximal orbital time of a particle around one magnetic
cell is given by τorb ≈ l/〈v‖〉ǫ, with l the cell perimeter
and 〈v‖〉ǫ = v2 ǫ the component of parallel particle veloc-
ity perpendicular to the guide magnetic field averaged
over particle pitch angle. From eqn. (4), l = 2Lˆ. In
dimensionless coordinates, the orbital time τorb is
τˆorb ≈ 4Lˆ
ǫ
√
1 + pˆ2
pˆ
. (19)
Values of τˆorb are given in the Appendix tables. The or-
bital motion around a magnetic cell contributes to per-
pendicular displacement with respect to the guide mag-
netic field up to a time scale τˆorb/2, when particles feel
the confinement within the cell. This explains the initial
ballistic behavior of D⊥. As discussed in §2.4, this ini-
tial perpendicular displacement does not necessarily rep-
resent cross-field transport, due to the fieldlines helical
shape around the cells. However, the maximum field-
line displacement is
√
200. Thus, to the extent that the
particles are tied to the fieldlines, D⊥ starts to decrease
once the particles have completed about one orbit. This
is the second stage. Figure 4d shows the cross-fieldline
running perpendicular diffusion coefficient, described in
§2.4, compared to that with respect to the guide field.
In the cross-fieldline case the ballistic behavior is obvi-
ously absent, although the two coefficients converge to
the same value when they approach diffusion regime.
In order to reach the diffusion regime, which is the
third stage, particles must be able to migrate to nearby
cells. As discussed earlier, particle decorrelation occurs
at scattering time τˆsca, regardless of the large scale mag-
netic field structure, since it is determined by the gyro
scale magnetic perturbations, effectively accounted by
the simulation of pitch angle scattering. Figure 4e shows
that the pitch angle correlation functions for different
amplitudes of the cellular magnetic field structure, are
very similar to that in uniform magnetic field. However,
contrary to the case with no large scale magnetic struc-
ture, the diffusion regime does not necessarily turn on
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Fig. 1.—: Running diffusion coefficient parallel (a) and perpendicular (b) to a uniform magnetic field from numerical
particle trajectory integration with pitch angle scattering simulated for δBˆ=10−3. The coefficients are determined
for an ensemble of 1000 particles with momentum pˆ = 0.1, 0.3, 1, 3, 10, 30. It is evident that diffusion regime is
reached well within integration time. In panel (c) is the particles pitch angle correlation function for pˆ = 0.1, 1, 10. In
panel (d) is the xˆ spatial coordinate distribution of particles on the zˆ = 107 plane, showing cross fieldline transport.
Particle trajectory integration was calculated for momentum pˆ=10, with pitch angle scattering for δBˆ=10−3. The
initial spatial distribution at zˆ = 0 was within xˆ=1.
at the scattering time. Particles with small gyroradius
remain confined within a cell even after they are decorre-
lated. The larger the gyroradius, the easier is for parti-
cles to migrate to the nearby cells. An individual particle
may go through a sequence of trapping within a cell and
of escaping to another one as a consequence of pitch an-
gle scattering, as shown in Figure 3. Escape from a cell
implies transverse motion of order the cell size. Figure
4f shows the xˆ coordinate distribution of 1000 particles
in the cellular magnetic field, on the zˆ=107 plane (inte-
grated over all times). The particle distribution at initial
time was limited in the interval xˆ <50. The spread in
particle distribution is larger than in the uniform mag-
netic field case (Figure 1d) and it increases with with the
amplitude ǫ of the cellular magnetic field structure.
We found that stable diffusion coefficients are reached
when, after a sufficiently long time, the trapping and es-
caping events are equilibrated. Such coefficient is shown
in Figure 5 as a function of particle momentum for dif-
ferent values of ǫ and of pitch angle scattering rates (δBˆ
= 10−3 - 10−2). Compared to the case with no mag-
netic structure, cellular geometry significantly enhances
perpendicular diffusion as long as the particle gyroradius
is smaller than the cell spatial scale. We find that par-
ticles with gyroradii much larger than the cell size are
relatively unaffected affected by the cells. However, par-
ticles with |µ| sufficiently close to 1 can have gyroradii
comparable or less than the cell size, and their diffusion
is enhanced. Therefore, κˆ⊥ for an isotropic distribution
of particles in a cellular field is always enhanced over the
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Fig. 2.—: Parallel (a) and perpendicular (b) diffusion co-
efficient in a uniform magnetic field as a function of parti-
cle momentum with pitch angle scattering for δBˆ=10−3
(solid circles) and δBˆ=10−2 (empty circles) compared
with the corresponding expectations from eqs. (17) and
(18) expressed in non-dimensional coordinates (continu-
ous and dash lines, respectively). Numerical values can
be found in Table 3.
value for a uniform field.
TABLE 1: Fit parameters for
Cellular magnetic structure
parameter value(± error)
ln(C) -4.54 ± 0.63
aL 0.71 ± 0.11
aǫ 0.59 ± 0.03
aB 0.68 ± 0.05
ap 1.56 ± 0.11
ap2 -0.53 ± 0.08
In order to quantify the scaling of transverse diffusion
coefficients for the cases analyzed in this work, we have
calculated trajectories by varying other input parame-
ters such as cell size Lˆ and pitch angle scattering fre-
quency, via δBˆ for the cellular case, in addition to the
mentioned datasets (see Appendix). In the cellular mag-
netic structure case we use the transverse diffusion co-
efficients for all the generated datasets and perform a
multi-dimensional least squares fit to the function lnκˆC⊥
where
κˆC⊥ = C L
aL ǫaǫ δBˆaB pˆap (1 + pˆ2)ap2 , (20)
where the fit results are summarized in Table 1, and
shown in Figure 5. The errors are estimated using the
covariance matrix. It is worth to note that particle tra-
Fig. 3.—: The trajectory of a particle with pˆ =10 nu-
merically integrated in a cellular magnetic field with
ǫ = 10−2 in the presence of pitch angle scattering for
δBˆ = 10−3. The trajectory is visualized using some of
the integration points and the color represents time from
s = 0 (blue) to s = 109 (red).
jectories calculated for larger cell sizes did not reach the
diffusion regime in the time allowed for the calculation,
therefore the fit value for aL is to be considered an up-
per bound. We found that omitting Lˆ in our fit does not
modify the dependence on the other parameters.
From the table we see that we can express the diffusion
coefficient as κˆC⊥ ≈ Lˆ0.7 δBˆ0.7 (ǫ pˆ)0.6 v.
3.3. The Galloway-Proctor Field
The GP transverse magnetic field structure is more
complicated because of the time dependence of the mag-
netic cell position. By analogy with the GP flow, the
magnetic streamlines are known to be chaotic. The av-
erage Lyapunov exponent, which characterizes the sep-
aration rate of infinitesimally close points in the flow,
has a maximum for the so-called complexity parame-
ter λˆ ≈ 0.25 (Brummell et al. 2001). As mentioned in
§2.1, if the magnetic flux function AGP is interpreted as
a velocity stream function, the resulting flow is known
to have good mixing properties, and to quickly disperse
passive scalar particles (Heitsch et al. 2004). It is these
good mixing properties of the GP flow that motivated
our study of diffusion in the GP magnetic field.
To some extent, these mixing properties carry over to
particles propagating on magnetic fieldlines, as shown in
Figure 6. Numerical integration of particle trajectories
shows that even with no pitch angle scattering there may
be diffusive behavior, depending on the cell turnover time
τˆ = 2piωˆ and how it compares with particle orbital time
τˆorb. Figure 7a shows the running perpendicular diffu-
sion coefficient for pˆ = 10, Lˆ = 200 and ǫ = 10−3, in
the case of λˆ = 0.1 for three different values of τˆ . If
τˆ ≈ τˆorb, the time a particle takes to orbit a magnetic
cell is comparable to the cell turnover time. In this case,
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Fig. 4.—: Running diffusion coefficient perpendicular to the guide field in the cellular magnetic geometry with ǫ =
10−1 (a), 10−2 (b) and 10−3 (c) obtained with the numerical particle trajectory integration and pitch angle scattering
simulated with magnetic perturbation strength δBˆ=10−3. The coefficients are determined for an ensemble of 1000
particles with momentum pˆ = 0.1, 0.3, 1, 3, 10, 30. Note the statistical fluctuations affecting the case with relatively
large magnetic perturbation relative strength. In panel (d) the cross-fieldline running perpendicular diffusion coefficient
converges to the same value of that calculated with respect to the guide field (see §2.4). In panel (e) the particles
pitch angle correlation function for pˆ = 0.1, 1, 10, and for ǫ = 10−1, 10−2, 10−3 (continuous, dashed and dotted lines,
respectively). In panel (f) is the xˆ spatial coordinate distribution of particles on the zˆ = 107 plane, for pˆ=10 and
δBˆ=10−3. The initial spatial distribution at zˆ = 0 was within xˆ=50.
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Fig. 5.—: Perpendicular diffusion coefficient in the cel-
lular magnetic geometry for magnetic perturbation δBˆ
= 10−3 (full symbols) and δBˆ = 10−2 (empty symbols),
compared to the corresponding coefficients in the uniform
magnetic field. The empty symbols with the downward
arrow indicate the cases where diffusion regime was not
reached within the integration time (as shown in Fig-
ure 4). The black lines are the quasilinear theory predic-
tion eqn. (18), and the colored lines correspond to the
fit result eqn. (20). Numerical values can be found in
Table 4.
Fig. 6.—: Similar to Figure 3 but for a GP magnetic
field structure with ǫ = 10−1, λˆ = 0.25 and τˆ ≈ τˆorb.
according to our numerical calculations, particles appear
to have the same diffusive behavior whether pitch angle
scattering is turned on or off (red lines in Figure 7a).
If τˆ < τˆorb, particles orbital motion is slower than cell
turnover time (i.e. many cell turnovers for a single or-
bital motion) so that particles only feel the average cell
structure with transverse size of ≈ Lˆ2
(
1 + λˆpi
)
. In this
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Fig. 7.—: Running diffusion coefficient perpendicular to
the guide field in the GP magnetic geometry (a) with ǫ
= 10−3, λ = 0.1 and for different values of τˆ , compared
to orbital time around a magnetic cell of τˆorb ≈ 8× 105.
The coefficient was obtained with the numerical trajec-
tory integration of 1000 particles with momentum pˆ = 10
without and pitch angle scattering simulated with mag-
netic perturbation strength δBˆ=10−3. Diffusion coeffi-
cient (b) for pˆ = 10 and ǫ = 10−3 for different values of λˆ
in the resonance condition τˆsca ≈ τˆorb. Numerical values
can be found in Table 5.
case particles diffuse only in the presence of pitch angle
scattering (blue lines in Figure 7a). If τˆ > τˆorb, parti-
cle orbital motion is faster than the cell turnover time
(i.e. many particle orbits for a single cell turnover). In
this case, in the absence of pitch angle scattering, parti-
cles remain in the ballistic regime at the cell frequency,
due to following the moving fieldlines. In contrast, pitch
angle scattering makes the particles reach a steady diffu-
sion regime, due to the additional cross fieldline motion
(green lines in Figure 7a).
The condition τˆ ≈ τˆorb imposes constrains on the mag-
netic cell geometry and the flow which underlie the time
dependence. From eqns. (7) and (19), we see that V/v
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Fig. 8.—: Running diffusion coefficient perpendicular to the guide field in the GP magnetic geometry with ǫ = 10−1
(a) and 10−3 (b), λ = 0.25 and τˆ ≈ τorb. The coefficient was obtained with the numerical trajectory integration of 1000
particles with momentum pˆ = 0.1, 0.3, 1, 3, 10, 30, and pitch angle scattering simulated with magnetic perturbation
strength δBˆ=10−3. In panel (c) is the xˆ spatial coordinate distribution of particles on the zˆ = 107 plane, for pˆ=10
and δBˆ=10−3. The initial spatial distribution at zˆ = 0 was within xˆ=50.
is of order ǫλˆ/4. For v ∼ c and λˆ = 0.25, , V ranges
from 1.9 to 1900 km/s for the range of ǫ studied here.
Thus, when magnetic chaos is present, charged particles
appear to effectively move across fieldlines if τˆ ≈ τˆorb,
independently of pitch angle scattering. Additional evi-
dence for the role of magnetic chaos in promoting diffu-
sion comes from computations of κˆ⊥ at different λˆ. We
found that the diffusion coefficient of particles is highest
for the value of λˆ at which the average Lyapunov expo-
nent is maximized. This is shown in Figure 7b in the
case with τˆsca ≈ τˆorb. In the discussion that follows, we
consider the GP field structure case under the condition
τˆ ≈ τˆorb and we choose the maximal value of λˆ ≈ 0.25 in
our numerical calculation.
Figures 8a and 8b shows the perpendicular running
diffusion coefficient in the GP magnetic geometry with
two different values of ǫ = 10−3-10−1, and pitch angle
scattering simulated with δBˆ=10−3. The figure shows
that, similarly to the case of cellular structure (as shown
in Figure 4), transverse motion with respect to the guide
field is ballistic until particles turn back in their orbital
motion around the cell. Because fieldlines around a full
cell perimeter are longer for smaller ǫ, the ballistic be-
havior is clearly visible in Figure 8b. On the other hand
in the case of Figure 8a it occurs at smaller times, not re-
solved in the plot. Similarly to the uniform structureless
field geometry and the static cellular geometry, particle
decorrelation is reached at scattering time τˆsca although
diffusion is turned on at or before τˆ ≈ τˆorb, driven by the
time dependence of the fieldlines. Similarly to the cellu-
lar magnetic field case, Figure 8c shows the xˆ coordinate
distribution of 1000 particles in the GP magnetic field,
on the zˆ=107 plane (integrated over all times). The time
dependence of cellular magnetic field in the GP case facil-
itates a significantly larger cross-fieldline transport than
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the static cellular geometry. A dependency on the ampli-
tude of the magnetic field structure is also observed. The
resulting diffusion coefficients are enhanced compared to
the case of cellular field structure, as shown in Figure 9,
compared to Figure 5. This means that the time depen-
dence acts to amplify particle cross fieldline propagation,
in accordance to Figure 8c.
The electric field leads to stochastic energization of the
particles, but we find it to be small and do not discuss it
further here.
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Fig. 9.—: Perpendicular diffusion coefficient in the
GP magnetic geometry for magnetic perturbation δBˆ =
10−3, compared to the corresponding coefficients in the
uniform magnetic field. The black continuous line is the
quasilinear theory prediction eqn. (18), and the dotted
lines correspond to the fit result eqn. (21). Numerical
values can be found in Table 5.
We fitted the transverse diffusion coefficient in the GP
magnetic structure case as in eqn. (20), using the lin-
earized function ln
κˆGP⊥ = C ǫ
aǫ pˆap (1 + pˆ2)ap2 , (21)
where, in this case δBˆ = 10−3 and Lˆ = 200. The fit
results are summarized in Table 2, and shown with a
dotted line in Figure 9. The errors are estimated using
the covariance matrix.
TABLE 2: Fit parameters for
GP magnetic structure
parameter value(± error)
ln(C) 2.06 ± 0.13
aǫ 1.01 ± 0.02
ap 1.15 ± 0.07
ap2 -0.64 ± 0.05
According to Table 2 the diffusion coefficient is approx-
imately κˆGP⊥ = 3.79× 10−2Lˆǫvˆ ≈ Lˆǫ vˆ.
4. DISCUSSION
Figure 10a summarizes the perpendicular diffusion co-
efficients obtained with the uniform, cellular and GP
magnetic fields with pitch angle scattering for δBˆ =
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Fig. 10.—: Summary of perpendicular diffusion coeffi-
cients κˆ⊥ (a) and of the ratio κˆ⊥/κˆ‖ (b) for magnetic
perturbation geometries considered in this work with δBˆ
= 10−3 (square and triangle symbols), compared to the
corresponding coefficients in the uniform magnetic field
(circle symbol). The black continuous line is the quasi-
linear theory prediction eqn. (18), and it can be con-
sidered as the lower bound for perpendicular coefficient.
The colored continuous lines in (a) represent the upper
bounds eqn. (22). The dotted lines in (a) correspond
to the fit result eqn. (21). The dotted and dashed lines
in (b) corresponds to the fit results eqn. (20) and (21)
respectively.
10−3. The enhancing effect of magnetic geometry and
of time variability is evident from the results. Such ef-
fects are significant only in the perpendicular motion, as
the parallel diffusion coefficient in the presence of weak
(|∇A|/B0 ∼ ǫ≪ 1) magnetic structure is generally simi-
lar to that in the uniform magnetic field (i.e. from quasi-
linear theory) to first order in ǫ. This can be seen also in
of Figure 10b, where the diffusion coefficient ratio κˆ⊥/κˆ‖
is shown. These figures show that perpendicular diffusion
is strongly amplified in the presence of a large scale geo-
metric structure, and even more if time variations on the
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particle orbital time scale and/or chaos are present. The
enhancement can be several orders of magnitudes com-
pared to the uniform structureless magnetic field case, as
long as particle gyroradius is smaller than the magnetic
coherence length. On the other hand, perpendicular dif-
fusion is still relatively small compared to parallel dif-
fusion. An important and nontrivial finding is that the
cross fieldline transport can indeed be described as dif-
fusion, not superdiffusion or subdiffusion: 〈(∆x2⊥)〉 ∝ t
in the limit of large times.
The figures show that the perpendicular diffusion co-
efficients in presence of a weak perpendicular magnetic
perturbation converges to the uniform case with increas-
ing particle gyroradius. Numerical calculation confirms
such convergence. This is expected because when the gy-
roradius is larger that the cell size (or the largest pertur-
bation scale in general), particles are influenced by the
mean magnetic field within their gyration orbit, which
is very close to the guide field, thus similar to a uniform
field. On the other hand, at small gyroradii, particle mo-
tion is dominated by the larger spatial scale of magnetic
perturbations.
According to Jokipii et al. (1993); Giacalone & Jokipii
(1994); Jones et al. (1998), if magnetic perturbations are
limited to perpendicular structures with respect to the
guide field, so the canonical momentum P‖ along the
guide field is conserved, particles will always be trapped
in cells or magnetic vortices, thus limiting their perpen-
dicular motion. However, in Hauff et al. (2010) it was
found that perpendicular transport in purely 2D turbu-
lent field can be diffusive if the particle gyroradius is &
perpendicular coherence length of the field. In this case
particles decorrelate on a time scale . gyroperiod and
are not bound to the magnetic fieldlines, but undergo
stochastic motion. Although the magnetic fields consid-
ered here are invariant along z (i.e. the direction of the
guide field) conservation of P‖ is violated due to pitch
angle scattering. Thus, the theorem of Jokipii and coau-
thors does not apply to our case.
We now estimate lower and upper bounds on κˆ⊥. Per-
pendicular transport across the uniform field, with diffu-
sivity given by eqn. (18), sets the lower bound, κˆ⊥,min.
We estimate the upper bound by replacing the step size
rg in eqn. (18) by the cell width L/2, and introducing
an effective timescale τˆeff
κˆ⊥,max = lim
t→∞
〈∆x(t)2〉
2∆t
=
L2
8τˆeff
, (22)
where the time scale τˆeff is the smaller of the scattering
time (i.e. the earliest time particles are released from a
magnetic cell) and the particle eddy turnover time (i.e.
either the particle orbital time in a static cellular field or
the cell turnover time itself).
τˆeff =
(
1
τˆsca
+
1
tˆeddy
)−1
. (23)
The upper bound on κˆ⊥, therefore, is
κˆ⊥,max =
Lˆ2
8τˆsca
+ κˆ⊥,eddy. (24)
Because for the GP field, as shown in Figure 7a, the high-
est diffusion coefficient is reached when the eddy turnover
timescale τˆ is approximately τˆorb, independent of pitch
angle scattering, it is possible to derive a general expres-
sion for the eddy diffusion coefficient
κˆ⊥,eddy =
Lˆ2
8τˆorb
=
Lˆ ǫ
32
pˆ√
1 + pˆ2
, (25)
where we have used eqn. (19). Our expression for κ⊥,eddy
is proportional to Lˆǫv and correctly reproduces the fit-
ted diffusion coefficient in the GP magnetic structure
eqn. (21), with the fit parameters of Table 2. This is
shown in Figure 10a with dotted lines, while the contin-
uous line is the maximum diffusion coefficient κˆ⊥,max.
For a given cell size and magnetic perturbation strength
eqn. (24) represents the upper bound in perpendicu-
lar coefficient. As shown earlier, changing the turnover
time τˆ and complexity parameter λˆ would decrease the
diffusion coefficient. Note that κ⊥,max/κ⊥,min > 1 for
pˆ/Lˆ < ǫ/(16π)(δˆB)−2. For all the runs considered here,
κ⊥,max/κ⊥,min > 1 for rg/L = pˆ/Lˆ, as we require. How-
ever, if pˆ/Lˆ is sufficiently small, particles follow magnetic
field lines and cross fieldline diffusion should revert to the
uniform field case for sufficiently large scale structure.
Anything between the lower bound ∝ vpˆ and the upper
bound∝ Lˆǫv comprise all the intermediate cases in which
particles are sequentially trapped in a magnetic cell and
released from it to migrate to another one. The exchange
between the two conditions happens on the time scale of
the particle decorrelation time. Our numerical calcula-
tions show in such cases the scaling of diffusion coefficient
involves fractional powers of the main parameters.
The cellular geometry case considered here is reminis-
cent of percolation, in which particles spread from one
cell to another by the joint action of advection and dif-
fusion. Isichenko et al. (1989) and Isichenko (1992) con-
sidered transport of a passive scalar by a steady cellular
flow with a single spatial scale in the presence of a small
diffusivity κ0. Denoting the eddy diffusivity of the flow
by κt they found an effective diffusivity
κeff ∝ κ3/130 κ10/13t . (26)
If we identify κ0 with r
2
g/τsca ∝ pˆvˆδBˆ2, the perpendic-
ular diffusivity in a uniform magnetic field, and κt with
Lˆ2/τˆorb, we find that eqn. (26) predicts
κˆ⊥ ∝ pˆ0.23vˆδBˆ0.46ǫ0.77Lˆ0.77 (27)
which is quite different from the exponents given in Ta-
ble 1. Bearing in mind that our determination of αL is
an upper limit, we see that we could improve the fit by
including a weak dependence on pˆ/Lˆ, accounting for the
fact that if the particle gyroradius includes a cell bound-
ary, the particle can escape the cell more easily. For time
dependent flows, κeff can be close to the eddy value κt
(Isichenko 1992 and references therein), as we found for
the GP magnetic field.
4.1. Role of the Kubo Number
The Kubo number K is generally defined as the ratio of
the distance a particle travels during an autocorrelation
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time over the correlation distance. For our problem,
K ∼ τˆsca
τˆorb
. (28)
For K smaller than 1 the distance particles travel before
decorrelation is small, therefore there is no time to be
trapped in a magnetic cell and particles quickly become
diffusive. If K ≥ 1, particles are trapped in magnetic
cells until decorrelation releases them so that they can
pass to another cell. For the cellular magnetic field, K
can be written as
K ∼ µ
2π
ǫpˆ
Lˆ
δBˆ
−2 ∼ 800µpˆ
ǫ
(
200
Lˆ
)(
δBˆ
10−3
)−2
, (29)
where the fiducial values Lˆ = 200 and δBˆ have been
inserted in the last equality. For most of the parameter
space we examined, K ≫ 1.
In previous studies of particle trans-
port (Gruzinov et al. 1990; Isichenko 1992;
Neuer & Spatschek 2006a; Hauff et al. 2010) it was
found that diffusion perpendicular to the mean magnetic
field scales with K. In Hauff et al. (2010), a general
expression for diffusion perpendicular to the mean field
is proposed
κˆ⊥ ∼ Kγ Lˆ
2
τˆsca
∝ ǫγLˆ2−γ pˆ
γ√
1 + pˆ2
δBˆ
2−2γ
, (30)
where for K > 1, γ ∼ 0.7. The fractional power of
this scaling law relates to the percolative behavior of
particle transport of subsequent trapping and releasing
from turbulent magnetic vortices. In this study we found
that perpendicular transport in a simple periodic cellu-
lar magnetic field does not show the same behavior as
advection/diffusion of a passive scalar in a flow with the
same simple cellular structure. Likewise, we find that the
Kubo number as defined in eqn. (28) does not provide
the correct scaling, as it does for turbulent magnetic field
cases. For pˆ = (0.1, 1, 10), we find that the scaling with ǫ
suggests γ ∼ (0.61, 0.56, 0.85) over 2 orders of magnitude
in ǫ. For pˆ = 10, the scaling with Lˆ suggests γ ∼ 1.0 over
1 order of magnitude in Lˆ. The scaling with pˆ suggests
an even larger value of γ; γ ∼ 1.6, for 0.1 < pˆ < 10. We
suspect that this larger value of γ is due to finite gyro-
radius effects at the larger values of pˆ. Perhaps a more
general definition of K can provide the correct scaling in
a larger set of situations.
4.2. Application to the Fermi Bubbles
Observations from Fermi-LAT reveal two large bub-
bles that extend 50◦ above and below the galactic cen-
ter, with a width of about 40◦ in longitude (Su et al
2010). Simulations of the Fermi Bubbles as over-
pressured structures driven by bursts of AGN activity
into the ambient interstellar medium were developed by
Guo & Mathews (2012), Guo et al. (2012), Yang et al.
(2012), and Yang et al. (2013). It was found that if dif-
fusion perpendicular to the magnetic field is completely
suppressed, the resulting cosmic ray surface density pro-
file is sharper, and in better agreement with observa-
tions, than if diffusion is isotropic. Anisotropic diffusion
has a strong effect because the magnetic field tends to
be draped over the expanding bubble, giving it a pre-
ferred orientation. Here, we estimate whether complete
suppression of perpendicular diffusion is consistent with
the results of the present paper, given the magnetic and
flow geometry in the simulations1.
Figure 11 shows a 4 × 12 square kpc portion of one
of the simulations described in Yang et al. (2012). The
magnetic field morphology and strength are indicated by
arrows and by colors, respectively. There is clearly a
transition layer between the bubble interior and the am-
bient medium, located roughly at z ∼ 7.5 − 8.5 kpc,
in which the magnetic field is roughly tangent to the
expanding front. It is assumed in the simulation that
cosmic rays diffuse parallel to the magnetic field with
diffusivity κ‖ = 4 × 1028 cm2 s−1, corresponding to a
mean free path of about 1.3 pc and a scattering time
τsca ∼ 108.
Cosmic rays are prevented from leaking across the tran-
sition layer between the bubble and the ambient medium
if the perpendicular diffusion coefficient κ⊥, front speed
Vf , and layer thickness D satisfy the inequality κ⊥ <
DVf . Since the magnetic layer is evidently tangent to
the front, it is reasonable to assume that the perpen-
dicular eddy size L⊥ is small compared to the magnetic
correlation length along the front, and that the compo-
nent tangent to the front dominates. We can then take
the parametric dependences in eqn. (25) as an upper
bound on the diffusivity, such that leaking is prohibited
if
ǫL⊥c < DVf , (31)
where we assume v ∼ c.
Unfortunately, the global simulations at hand do not
resolve magnetic field structure below 100 pc in size, so
we cannot measure ǫ and L⊥ directly from the models.
Likewise, the computed transition layer thickness may
be an overestimate. However, eqn. (31) seems easy to
satisfy. Taking Vf/c ∼ 0.02 (Yang et al. 2012) and
D ∼ 100 pc (less than the simulated layer thickness)
we see that the right hand side of the inequality (31) is
1.8× 1029 cm2 s−1. This is several times larger than κ‖,
while we have found κ⊥/κ‖ ≪ 1. In order to apply our
theory, L⊥/ǫ must be less than the scattering mean free
path λ‖ ∼ 1pc. If we set ǫ = 0.1 and L⊥ = 0.1pc, the left
hand side of the inequality (31) is 1027 cm2 s−1. Thus,
it is plausible that the cosmic rays are well confined to
the bubbles.
5. CONCLUSIONS
In this paper we have investigated the transport of cos-
mic rays across magnetic fields. In particular, we consid-
ered the interplay between magnetic geometry and cross
fieldline transport by pitch angle scattering. For simplic-
ity, we chose simple, single scale 2D cellular magnetic
geometries superimposed on a guide magnetic field. One
case is static, with integrable fieldlines, and the other is
periodic in time, with chaotic fieldlines. The scattering
is assumed to be due to gyroscale magnetic turbulence,
while the cell size is well above the gyroradius. Our study
1 Note that we are not claiming that the episodic AGN model
described in Yang et al. (2012) is the only viable model; we are only
testings its treatment of cosmic ray diffusion for self consistency.
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Fig. 11.—: Detailed slice in simulation coordinates of
magnetic field morphology in a model Fermi Bubble
(Yang et al. 2012) where field strength (in logarithmic
scale in units of µG) is represented in the color scale and
projected direction by arrows. Figure courtesy of H.-Y.
K. Yang.
complements the large body of work on transport across
mean magnetic fields.
We showed that the running spatial diffusion coeffi-
cients D(t) defined in eqn. (12) approach steady values
κ over time, indicating diffusive (as opposed to subdiffu-
sive or superdiffusive) behavior. We argued that due to
the bounded horizontal excursions of the fieldlines chosen
for our study, κ⊥ represents true cross fieldline transport.
Cellular structure enhances transport by several orders
of magnitude as compared to transport in a uniform field.
We found that fields which vary on a timescale similar
to the timescale on which particles orbit the cells have
fast transport even without pitch angle scattering. But
in all the cases we considered, perpendicular diffusion
is much slower than parallel diffusion. We derived upper
and lower bounds on the diffusivity and compared our re-
sults to those obtained for advection-diffusion of passive
scalars, and in fully turbulent magnetic fields, but did
not find the same scalings. We did, however, apply our
results to particle confinement in magnetically bounded
structures such as the Fermi Bubbles, and argued that
escape by cross fieldline transport would be slow.
In reality, cosmic rays encounter magnetic turbulence
on a vast range of scales. Each particle will be affected
more by some scales than others, but the interplay of
multiple scales is sure to give rise to interesting effects
not encountered here. We will take up some of these
effects in future work.
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APPENDIX
NUMERICAL APPROACH AND ACCURACY
We solved the relativistic equation of motion (2) using numerical integration methods and adaptive time step
algorithms provided by the GNU Scientific Libraries (Galassi et al. 2009). This gives the flexibility to assess the
solution accuracy by comparing different integration methods. For this study the explicit 4th order Runge-Kutta
(RK4) integration method was used for all the generated datasets. The implicit Gaussian 2nd order Runge-Kutta
(RK2), also known as implicit mid-point method, was used for a selected number of datasets to test the relative
accuracy. Adaptive time stepping was implemented by advancing the solution using a given time step and two halves
of it (step doubling method) and by comparing the difference in the system states y(t) to the specified absolute and
relative error levels ǫabs and ǫrel. The default error levels were chosen to be ǫerr ≡ ǫabs = ǫrel = 10−10. Variations of
this value (ǫerr = 10
−12, 10−14) were used to estimate the accuracy of the solution as described below.
In the 2.5D cases studied here, where z is an ignorable coordinate, it is easy to verify, from eqn. (2), that the
component of canonical momentum parallel to the guide magnetic field pz +
q
cAz → pˆz + Aˆz ≡ Pz , is conserved,
making it possible to decrease the dimensionality of the system from six to four, and solve eqn. (2) on the (x,y) plane
only. Such reduction is not possible if pitch angle scattering is imposed. Reducing the dimensionality of the particle
motion equation improves the accuracy of the solution in most circumstances. Comparison of the 4D and 6D solutions
thus tests the accuracy of the full 6D treatment required when pitch angle scattering is present.
We tested our numerical results in three different ways. First we checked how well energy is conserved for orbits
computed by both explicit and implicit integration stepping methods in both 4D and 6D, in the latter case with and
without pitch angle scattering. Then we checked how well canonical momentum is conserved for orbits computed in 6D
without pitch angle scattering. And finally we also compared the morphology of a few orbits computed in 4D and 6D
with both the implicit and explicit stepping methods to orbits computed with the NDSolve feature of Mathematica.
The uniform magnetic field is a benchmark case for testing the integration accuracy. A constant relative rounding
error in particle momentum of about dpˆpˆ ≈ 10−7-10−6 is manifested as a spread around the average momentum. In
addition to this spread a slow energy dissipation is also observed, With the explicit RK4 integration method, the total
energy loss rate is estimated to be about dpˆ/ds ≈ −10−14-10−12, depending on the particle pitch angle. For parallel
propagation the energy dissipation is at the lower end of the range, while for perpendicular propagation it is at the
upper end, which is the rate of perpendicular energy loss for an arbitrary pitch angle. These estimates are found to
be fairly independent of particle energy, and also to be consistent with the rate observed with more structured static
magnetic fields, such as the cellular configuration. This means that with the explicit RK4 integration method, an
energy loss of 1% is reached at integration time ≈ 109-1011 for pˆ = 0.1 and ≈ 1011-1013 for pˆ = 10, depending on pitch
angle.
Energy conservation improves if the adaptive step size error level ǫerr is reduced. If ǫerr = 10
−12 (i.e. two orders of
magnitude smaller than the default value for this study), no significant energy dissipation is observed up to integration
time s = 1010, while the rounding error remains at the same level. This accuracy level is reached with a penalty of
about three times longer computation times. Using the implicit RK2 integration method (with ǫerr = 10
−10), accuracy
is greatly improved, but computation time is increased by at least a factor of 6. We generally integrate to s = 109, so
explicit RK4 with ǫerr = 10
−10 is sufficient to keep integration accuracy at an acceptable level for the present study.
Accuracy of energy conservation in the presence of pitch angle scattering was also found to be dpˆ/ds ≈ 10−12-10−11,
independently of particle pitch angle, and magnetic field geometry. Since scattering processes are simulated so as to
conserve particle energy (see §2.3), the slight worsening of energy conservation compared to the case without scattering
can be attributed to repeated application of the rotation matrices we use to simulate pitch angle scattering.
Conservation of the z-component of canonical momentum in the 6D formulation was tested with the cellular magnetic
geometry perturbation case, that conserves Pz ≡ pz + qcAz. Typically, for nearly parallel propagation the canonical
momentum is conserved although it has a relative spread dPzPz ≈ 10−6-10−5, relatively comparable with rounding error.
For nearly perpendicular propagation, however, dissipation is also observed with a rate dPzds ≈ −10−12-10−11.
In this study a coupling between transverse and parallel diffusion was not observed within the parameter space
investigated here. The divergence of magnetic field lines in large scale turbulent interstellar magnetic field may induce
a coupling between them (Barge et al 1984).
Finally, a qualitative comparison of particle trajectories calculated in a cellular magnetic field geometry, with explicit
RK4 and implicit RK2 integration methods in 6D and 4D, and with the solutions obtained with Mathematica, was
carried out. The trajectory geometries were identical to each other within the assessed integration accuracy in the case
of regular trajectories. When a trajectory appears to be chaotic in nature (which occurs for specific initial conditions),
chaos 2 is observed for all the tested integration methods and for the 4D and 6D formulations. We find chaos only
for high momentum particles with µ ∼ 1 and gyroradii comparable to the magnetic cell size. Our model, which is
intended to follow propagation in large scale resolved magnetic structure with pitch angle scattering by small scale
unresolved structure, is not well motivated for these high momentum particles, so we do not study them further here.
2 when chaotic trajectories are found with the different integra-
tors and dimensionality, the actual trajectories are different from
each other, while the general characteristics are reproduced, as ex-
pected for chaos.
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DATASETS
TABLE 3: List of particle integration datasets for the Uniform Magnetic Field.
pˆ δBˆ τˆsca κˆ‖ κˆ⊥
0.1 10−3 6.4× 105 2.0× 103 4.9× 10−9
0.3 10−3 6.6× 105 1.9× 104 4.3× 10−8
1 10−3 9.0× 105 1.5× 105 3.3× 10−7
3 10−3 2.0× 106 6.0× 105 1.6× 10−6
10 10−3 6.4× 106 1.9× 106 5.0× 10−6
30 10−3 1.9× 107 6.2× 106 1.7× 10−5
1 10−2 9.0× 103 1.6× 103 3.7× 10−5
30 10−2 1.9× 105 6.7× 104 1.6× 10−3
TABLE 4: List of particle integration datasets for the Cellular Magnetic Field. Note that when diffusion regime
(i.e. convergence of the running diffusion coefficient) was not reached within integration time of 109 the coefficient is
indicated with the symbol <.
pˆ δBˆ Lˆ ǫ τˆsca τˆorb κˆ‖ κˆ⊥
0.1 10−3 200 10−3 6.4× 105 8.0× 106 2.0× 103 < 2.2× 10−6
10−3 200 10−2 6.4× 105 8.0× 105 2.0× 103 < 6.0× 10−6
10−3 200 10−1 6.4× 105 8.0× 104 2.0× 103 3.6× 10−5
0.3 10−3 200 10−3 6.6× 105 2.8× 106 1.7× 104 < 1.1× 10−5
10−3 200 10−2 6.6× 105 2.8× 105 1.6× 104 4.4× 10−5
10−3 200 10−1 6.6× 105 2.8× 104 1.7× 104 1.8× 10−4
1 10−3 200 10−3 9.0× 105 1.1× 106 1.5× 105 6.0× 10−5
10−3 200 10−2 9.0× 105 1.1× 105 1.5× 105 1.8× 10−4
10−3 200 10−1 9.0× 105 1.1× 104 1.5× 105 8.0× 10−4
3 10−3 200 10−3 2.0× 106 8.4× 105 5.9× 105 1.4× 10−4
10−3 200 10−2 2.0× 106 8.4× 104 5.7× 105 5.2× 10−4
10−3 200 10−1 2.0× 106 8.4× 103 6.7× 105 1.9× 10−3
10 10−3 200 10−3 6.4× 106 8.0× 105 2.1× 106 2.9× 10−4
10−3 200 10−2 6.4× 106 8.0× 104 2.0× 106 9.0× 10−4
10−3 200 10−1 6.4× 106 8.0× 103 2.0× 106 4.1× 10−3
30 10−3 200 10−3 1.9× 107 8.0× 105 5.8× 106 4.3× 10−4
10−3 200 10−2 1.9× 107 8.0× 104 5.9× 106 1.2× 10−3
10−3 200 10−1 1.9× 107 8.0× 103 6.0× 106 5.7× 10−3
1 10−2 200 10−3 9.0× 103 1.1× 106 1.5× 103 1.5× 10−4
10−2 200 10−1 9.0× 103 1.1× 104 1.5× 103 5.5× 10−3
30 10−2 200 10−3 1.9× 105 8.0× 105 6.3× 104 3.9× 10−3
10−2 200 10−1 1.9× 105 8.0× 103 6.1× 104 4.7× 10−2
30 10−1 200 10−3 1.9× 103 8.0× 105 6.1× 102 4.9× 10−3
10−1 200 10−1 1.9× 103 8.0× 103 5.9× 102 1.7× 10−1
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TABLE 5: List of particle integration datasets for the GP Magnetic Field.
pˆ δBˆ Lˆ ǫ τˆsca τˆorb τˆ λˆ κˆ‖ κˆ⊥
0.1 10−3 200 10−3 6.4× 105 8.0× 106 107 0.25 2.0× 103 5.1× 10−4
10−3 200 10−1 6.4× 105 8.0× 104 105 0.25 2.0× 103 5.1× 10−2
0.3 10−3 200 10−3 6.6× 105 2.8× 106 3× 106 0.25 1.9× 104 1.9× 10−3
10−3 200 10−1 6.6× 105 2.8× 104 3× 104 0.25 1.6× 104 1.9× 10−1
1 10−3 200 10−3 9.0× 105 1.1× 106 106 0.25 1.5× 105 5.7× 10−3
10−3 200 10−1 9.0× 105 1.1× 104 104 0.25 1.5× 105 5.3× 10−1
3 10−3 200 10−3 2.0× 106 8.4× 105 106 0.25 5.6× 105 5.4× 10−3
10−3 200 10−1 2.0× 106 8.4× 103 104 0.25 6.0× 105 5.4× 10−1
10 10−3 200 10−3 6.4× 106 8.0× 105 106 0.25 2.1× 106 5.4× 10−3
10−3 200 10−3 6.4× 106 8.0× 105 108 0.1 2.1× 106 4.4× 10−4
10−3 200 10−3 6.4× 106 8.0× 105 106 0.1 2.3× 106 4.0× 10−3
10−3 200 10−3 6.4× 106 8.0× 105 104 0.1 1.8× 105 9.5× 10−4
10−3 200 10−1 6.4× 106 8.0× 103 104 0.25 1.9× 106 5.5× 10−1
30 10−3 200 10−3 1.9× 107 8.0× 105 106 0.25 5.8× 106 5.3× 10−3
10−3 200 10−1 1.9× 107 8.0× 103 104 0.25 5.7× 106 5.4× 10−1
10 0 200 10−3 ∞ 8.0× 105 106 0.1 – 5.0× 10−3
0 200 10−3 ∞ 8.0× 105 106 0.25 – 6.6× 10−3
0 200 10−3 ∞ 8.0× 105 106 0.5 – 6.0× 10−3
0 200 10−3 ∞ 8.0× 105 106 1 – 3.4× 10−3
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